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EE508 J\!Iidterm Exan1ination #2 

Winter 1997 

Instructions. 

• Do all of your work in this test booklet. 

• This test is closed book and closed note. 

• You are allowed two notebook sized sheet of notes & a calculator. 

• Each problem is worth 20 points. 

1 



1 Problem 

A common model for the autocovariance of certain stochastic processes is 

Does the integral 

1 JT - x (t)dt 
2T ~T 

converge to the (non-zero) mean of X(t)? In other words, is X(t) ergodic in 
the mean? 

2 



2 Problem 

A securities price, S, follows the familiar Ito process 

dS = /tSdt + o-Sdz. 

Describe the Ito process for S 2 . 

3 



3 Problem 

Consider the first order difference equation 

Y[n - 1] + 2Y[n] = 4X[n] 

What is the power spectral, Sy(eiw), when the input is discrete white noise 
with power spectral density of Sx(eiw) = q? 

4 



4 Problem 

A stochastic process, X ( t), has an autocorrelation of 

Rx(t1, t2) = e -1t1 1 + e -1t2 1 

Let Y ( w) be the Fourier transform of X ( t). 

Y(w) = J: X(t)e-jwtdt 

Evaluate the autocorrelation, Ry(w1 , w2) of the stochastic process Y(w) . 

. j 



5 Problem 

Let X (t) denote a \Viener process with parameter a. Define the stochastic 
process 

Z(t) = X(t) - X(t - T) 

where T is a given positive number. Determine the first order probability 
density function of Z(t) for all positive values oft. 

6 



Scratch Paper # 1 
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Scratch Paper #2 
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Scratch Paper #3 
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Scratch Paper #4 

10 
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Robert J Marks II 

EE508 -
HOMEWORK#5 

JI-) 

J l-2 

CHAl'TflR 1 l 

(a} If ~(t) is a ?ois~Qn pr¢cess ~$ in fig. 10-3a, t~en for a ffXed 
t, ~(t) i& a Poisson RV with pa~ameter ~t. Renee lsee (5-1~)] 

its charac.tet:-i!Jtf.c. fu~c:.t~on equals exp{ >.t (ej 0 -1)}. 

(~) If *(t) is a Wiene.r proce~$ then f(~ 1 t) is N(O,l;;t). Hence 

(see (~-65)) its fi~sc ord~r ~haraote~istic function aquals 
2 

~xp(-..a.t:ia /2.). 

--------,•u•-------~••----------•u--------••••---------••••-------~--~---

For latge s~ ~(t) an~ 1(t) e~n be appTOXim3ted by two ~~d~pcndant 

W1.e'fle>t: pr(><:CSSCG u in (11-4}: 

f (y,t) .. ~1-
y hmxt 

-y'J./2at 
e 

tlenca, ~(t) h~s ~ Rayleigh density {sec (6-50}). [Not~. txaecly, 
z(t) is a digerete~ty~c RV taking the ~alue~ s~ where m 
"" 
and n a~~ integers]. '.l'he p~oduct f <~,t)dz eq~a~s ~pproxima~ely 

~ 

t.'1~ p¥obabilir:y that -! (t.} ;l.s .bct...,aen z and z 'f' r,l.z. pro111ded the.i:: 

dz:>,.1'. 

3/10/97 1 :22 PM 
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t 1-3 'rhe: voltage ¥(t) is tbe .outp1Jt of a e.y.st~ with input 11 (t) and syst~ 
.. e fUDCtion 

1 111 (!!) :; ~....,2~----.-
LCs + KCs + l 

Fu:tthetmor-e • 

i~ agreewen.t with (11-27). 

The current i(t) ia the ~utp'IJt Of a system \Yith inp~t T!e(~) and ,. 
system function 

Fur~hennore (~hort cir~uit admittan~e) 

1 
y a.b (i;) "' R. + LS 

in ag~eement with (11-30), 

-~--------~----·--------~-----~--·----··--~----~----·--------~--------------~-

11-4 The eq1,1~tion ~11 (1:) t f!' (t) = f(t) specifies .a system w.!.th 

K(s) • ~~1-~ 
ms

2 + fs 

and (10-90) yields 

-~---~-----------------------~------~--------~--------~----~~-----------------

3/10/97 1 :22 PM 
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J 1-6 lf x{t} - w(t2) then fsec (l l-22)1 
.~ .. 

If Y(C) = w Z(t) then [.see (7-36)] ... ., 

=; Ew2(f~)E(w 2(t:d + 2 E~{w(t1)\v(tz)} = 0!1\tz + ;?Q~t1Z ,,.... ..... ' ..... .... 

--~-w--••----•----•w--~-~--~-----••---~----••----------w--------••w--n•----

!l-7 From (ll-6J): 

.,, = 3 z dr = 6-0 f
!O 

• 0 J
!ll 

u/1• = 3 
0 

4dt = 120 

~{7) = 0 if tl1ero are no PClints in the itUCrll;i[ (I-JO, i'). The !lUntbe~ of points in thls 

interval is a Poissfon RV with p(lram'l!tet 10.\"" :30. lfoni:e, P(:!,(7) =Cl} .. .-:-3>0_ 

--•----••---••---~·---~-----••----•w---~-----•----••----•w---••---~•---~•k-

ml 
El 
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The process 

.N 
( ) ( + ) - 1 x(t +nT) s:f.n~("t'-n.T,l. !N t = ~ t 1' u=:.N - O'{T-xt'l') 

is the output of a sy$tem with input ~(t) aud sy~tem f1.1nction 

... 
(i) 

The functi~n ~(~) is the truncation ~~ror in·tne' Fourier $e~ies 
e;xpansion of ej1JJt' in the in-tt;!'l;"V3.1. (-0', a). Hence~ for N > ~O 

jw[ < q 

From this and (1) it follow~ that 1 if S(~) = 0 for l~I <o, tbQn 
(J 

E{;~(T)} = i~ J S(w)i~(w)i 2d~ ~ £ R(O) 

--0 

-~-----~--------~-----------------------------------~---------------~-----~ 
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CttAPTER 13 

x(t) = 10 + ~(t) 
.. M 

c (t} "' 2~h) 
lC 

F7:'0:fl1 (13-5) 

. T . T 

i1~= 2~ J c,/r) Cl - ~~I ) d"L" • 2; J 2~('1') 
-T -T 

(l - hl)dT :cl 
2T i 

~~------------w••••-------------"w••••---------------~"••••••••M--------------

13-12 (a) It follo~s f~om the ¢onvolution thaor@t!I. for FGUrier se~ia$ 

(b) 

5 
P(w) = I 

na-.S 

' 

~jnT!I) 
e "' 

l l r r • 

sin !).5tilT 
sin o.swT 

l. 2 
W(w) = ll 'P (w) 

0 

~---------~--••••-n---------~-=-=~==~~~-w--------•·-·-w---------••-••--------
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EE508 Final Examination 

Winter 1994 

March 16. 1994 

Instructions. 

• Do all of your work in this test booklet. 

• This test is closed book and closed note. 

• You are allowed two notebook sized sheet of notes & a calculator. 

• Each problem is worth 20 points. 

You will find the following Fourier transform pairs useful 

If x( t) ¢:? X( w ), then x( at) ¢:? l~I X( w..:) 

1 



1 Problem 

The autocorrelation of a zero mean stochastic process is 

Design a linear time invariant filter using adders, differentiators and ampli
fiers/ attenuators so that, when X(t) is fed into the filter, the output, Y(t), 
is white. 

2 



2 Problem 

A common model for the autocovariance of certain stochastic processes is 

Does the integral 

2~ j -TT X(t)dt 

converge to the (non-zero) mean of X(t)? In other words, is X(t) ergodic in 
the mean? 

3 



3 Problem 

Consider the first order difference equation 

Y[n - 1] + 2Y[n] = 4X[n] 

What is the power spectral, Sy( eiw), when the input is discrete white noise 
with power spectral density of Sx( eiw) = q ? 

4 



4 Problem 

A stochastic process, X(t), has an autocorrelation of 

Rx( ti, i2) = e(-lt11) + e(-lt2I) 

Let Y(w) be the Fourier transform of X(t). 

Y(w) = 1: X(t)e-jwtclt 

Evaluate the autocorrelation, Ry ( w1 , w2 ) of the stochastic process Y ( w). 

5 



5 Problem 

Let X(n] denote a real discrete stationary Gaussian stochastic process with 
mean r;x and variance var(X). Let J( denote a binomial random variable 
corresponding to N trials with a probability of success p. Let J( and X be 
independent. Consider the sum 

J( 

S= LX2 [n] 
k=O 

Evaluate the expected value of the random variable S. 

6 



Scratch Paper #1 

7 



Scratch Paper #2 

8 



Scratch Paper #3 

9 



Scratch Paper #4 

10 





EE508 Examination 

Robert J. l\!Iarks II 

Please write your name on the upper right hand corner. 
This examination is closed book and closed notes. Calculators are allnwed 

but will probably not be needed. Each student is allowed one 8~ by 11 sheet 
of notes for the test. 

All work will be done in this test booklet. 
Each problem is worth 20 points. 

1 



1. Fundamentals. Circle the correst answer. Correct answers are +4, 
incorrest answers are -2 and no answer gives a zero score. 

(a) The expectation of a Fourier transform is the same as the Fourier 
transform of the expectation. 

TRUE FALSE 

(b) A random variable's second moment is always finite. 

TRUE FALSE 
(c) 

x2 ~ x2 

TRUE FALSE 
(d) 

F,y(x) ~ Fx(x - 1) 

TRUE FALSE 

(e) X is always real. 

TRUE FALSE 

(f) The characteristic function for the degenerate case of a determin
istic "rand01n variable" is always a complex exponential. 

TRUE FALSE 

2 



2. A zero mean Gaussian stochastic process, X (t), has an autocovariance 
of 

1 
Cx(ii, t2) = - min(Jtil, Jt2J) 

2n 

(a) Find the three dimensional charateristic function, <Px(w1, w2, w3) 
for the random variables X (-1), X (0) and X (1). 

(b) Find the corresponding probability density function. 1 

1Recall that exp(-Jrt2) has a Fourier transform of exp (-Jr(~) 2). 

3 



:3. T'he autocorrelation of X ( t) is 

Given the initial condition Y(O) = 0, find Ry(fi, t2) when 

c~ Y(t) = X (t) 
d! 

Express your answer in terms of the sine integral 

S. ( ) j't sin( T) 
l t = · --dT 

0 T 

4 



clc. A Gaussian stochastic process, X(t), and its .Fourier transform, x(w), 
MC described as follmvs. 

Find x(w ). 

X (t) = e -m
2 

Rx(t1, t2) = e-min(lti1.1t2I) 

x(w) = L: x (t)e -jwtdt 

5 



'5. A whitening filter is a linear time invariant filter that transforms an in
put, X (t ), into a white stochastic process with autocorrelation, Ry( T) = 

q8(T). Specify the frequency response, H(c.u), of a whitening filter when 
the autocorrelation of the input is 

6 



6. A digital filter has a transfer function equal to 

1 
H(z) = --1 z - 2 

The input to the filter is discrete white noise ·with autocorrelation 

Rx[n] = q 8[n] 

Let the filter output be Y[ri]. Find the power spectral density, Sy( el'..,), 
of the output. 
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EE508 Examination 

Robert J. J\!Iarks II 

• Please write your name on the upper right hand corner. 

• This examination is closed book and closed notes. Calculators are 
allowed but will probably not be needed. Each student is allowed two 
8~ by 11 sheets of notes for the test. 

• All work will be done in this test booklet. 

• Each problen1 is worth 20 points. 
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(a) 

(b) 

1. The process w ( t) is a Wiener process with parameter a. Form the 
stochastic process 

z(t) = lw(t) I 

(a) Evaluate the inean of z(t). 

(b) Write a Fourier integral equation for the first order characteristic 
function of z ( t). You need not solve the equation. 

kJ(t:) ~ I ~ e-W /z6(t 
'/2rrd..+ 1 

t. 
· '2. · - w 7zoct 
~ el-t>,.,.... v'zrr«t-., e U(w) 

l~w k)A z e - '2«.t: J II\) r(tl = V 2. TTo4. f:I 

- ~ z.o<.t- -w/~-t-[~ -
V2.TTolt I r:: fJ - ;Z 

::. ~~-, 

f°z(w):: ;_: J (-:c) e.-jwcJ=t;. 
c 

'Z J."'" . w• -0· 4>W 
- e 'Zo<'.t- e JvJ - \f 2rtol.t I () 
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2. Define the (nonstationary) stochastic process 

X(t) =A cos(2wt - 8) e -t U(t) 

where 

• A is a zero mean Gaussian random variable with variance ()2 , 

• 8 is a uniform random variable, (fro rn 0 t: o 2. Tf ) 

• w is a known angular frequency and 

• U ( t) is the unit step function. 

The two random variables are statistically independent of each other. 
Is X(t) ergodic in the mean?1 

-i:: ( 

F"1~511 ND Tt X{-t) -: A -;;;:;;:( 2.#Jt - (E)) e U t:.) 

S Ince l!.o-i- ( zwt - (@) ::: ~ /o VT ~(v ... .Jt -B )de:: o 

===;> Kl.t > = c 

Fi..,;te €25 i-7"'"° 
= o~ V ® ~A 

~~ Oe+:-e.,..~;.., ist:-/c I 

.'. VM., < Y{t::)) =· 0 

Yes/ £:rr;e>J; c. 
((t:Jv/J c~et::k veu..<.rlt:)f,, Wovld /;11J it$ ~e....-o.) 

1This is not a trick question. There are nonstationary processes that are ergodic in the 
mean. Is this one of them? 
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3. A stochastic signal, X(t), obeys an Ito process. Is X(t) a Gaussian 
process? Explain your answer. 

Js~~sJt:-r&5Jw 

~""o""vWa I 
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5. Define the stochastic process 

X (t) = eJ0 t 

where n is a discrete random variable with probability density function 

00 

fo(w) = L Pn 8(w - n) 
n=-oo 
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• 

4. Care must be taken in directly perfonning a Fourier transform of a 
stochastic process. Let X (t) be stationary in the wide sense v.rith mean 
Jlx :f 0 and autocovariance C'x(T). 

• Evaluate the expected value of the Fourier transform. of X (t). 

• What is the expected value of the Fourier transform of X (t) at 
w = 0?2 

1 {wl o )-; r fr> e -~ f<)t; dt:-
'X{,,,) = Jr /::e-dwt-Jt: =- 2rrlf {;,(..,) =2~r{,(k1) 

oO 

2The Fourier transform is 
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EE505 Final Exan1ination 

Robert .J. :-Iarks II 

December 12. 1997 

The examination is closed book and closed notes. No calculators are allowed. 
Each student is allowed three sheets of notes. All problems are weighted equally. 
vVork must be done in ink. 

All work will be done in a test booklet. ~o scratch paper is needed. 

"Test everything. Hold on to the good." 1 Thessalonians .5:21 (English-NI\') 

1. The events A and B are independent. Are the events A and B 
independent? If yes, explain. If not, provide a counter example: 

always 

Ye~, A ;·s 
1"?00 J : 

;,,,J o] [3. 

Ps = PA·B+-AB 

Pa = PA 8 -+ P'Ae 

· A·B Is 
I 

P
8

-Ps ~ == P~ (I- p.4 ) 
.:::) P;,i 8 = Pa-PAB ;- B' .J 

n 1 -:::: Pc p._ 1 nq 
A 1NO 13 ~ if <:;::- t>P A 

More: ::::'!;>AB Mt. ~! .BA 
SJNCE. 
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2. Let X and Y be independent random.variables and let Z = X + Y. ·Prove 
or disprove the following general propositions. 

(a) Z = ,f + Y 'f't'J 
(b) z2=cf2+1r2 tJo~ 
(c) var(Z) = var(X) + var(Y).-q.'----------

(d) var(aZ) = a 2 varZ. ye1 -
(a) ~ ==- x + :E" === E +- .Y 
( bJ ~ ~;: (r~ Y::)z ::: --z;--, '2..- -r ~'Z- -t- 2. r f 

2 - '2. 
~ E 4-~ 

(c) "P~( £U) :: ~ g:-L u.>) + 1F y:L w) 

~ m •i r rn- "r ) · g!j
11 
(~) -rlf/5 

~ c-Lo) == ';:i-~ L 0 · +- £. po1-1.-cwS 

(_J ) \/NL a ~ = t [ ( ;re - ~ r--J 
:: r-[ (2c-a~)~ 
;::_ E[22( =c- -~)9L] 

=- d .._ ~r (_:c - ~Yz.J 
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Let 

:t 

N 

1 '"" r2 Y= - ~)i'.k 
N . 

k=l 

where the X k's are i.i.d. random variables with probability density func
tion 

~J;stimat·e-the probability density function for the random variable Y when 
N is large. 1 

Thvs 
20 

.J_ • 20-N::::. ~ N2. IV 
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-!. A total of N i.i.d. Bernoulli trials with probability of success p are per
formed. The outcom~ of trGI m. the random variable X m, is set to one if 
there is a success and zero otherwise. We form the sum 

N 

Y= .2:xm. 
m=l 

Evaluate the exact probability density function for the random variable 
Y. 

. 
IS b• - ..., / ( y =Jt:.su~~~.s.ses in 

1 nof>lld. • · 
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5. The vVeibull random variable Y with positive parameters A and B is 

Fy(y) = [1- exp (-(~)B] U(y). 

Let X be a uniform random variable on the interval (0, 1). Given A and B, 
find a random variable transformation, Y = g(X), to produce a Weibull 

random variable. ( t) S 

x:::: 1- e 
e-l.t)s= ,_ x 

(7f-)6 = ·A (1-x) 

.J._ 

A [-...&..(1-x)] 
13 

=-g{x) 

) 

l 

I I 

(j 



fi. A random variable has a probability density function of 

We take i.i.d. samples from this distribution until we get a number be
tween zero and one - and then stop. Call this last random variable Y. 
Evaluate the probability density function of Y. 

{~\ 

trl x):: 

l
o _, 

e-x l :::. /-e 

->< e 
1-e-• 
0 

/ 

I 

:X 

t' u 

else... 



7. Let X be a zero mean normal random variable with variance a- 2 . Let 
Y = X when X is positive and let Y =2.othenvise. Evaluate and sketch 
the probability density function for Y. 

\ 
\ . 

/ 

¥
' \) 

~/ 

CJ 
h 
) 



d. A joint probability density function is defined by 

la) Ar~a = 

(h) 

f , ( . ) _ { A ; JyJ ~ e-'"' an<l~ 2: 0 
.\'.Y x, Y - 0 : otherwise 

(a) Evaluate A. 

(b) Evaluate the marginal distribution, fy (Y ). 

'1 
.J 

; y > 0 

I 
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9. A die is rolled. The stochastic process, X(t), is set to ,5 e-t when the die 
shows six dots. Otherwise, the stochastic process is set equal to -e- 1. 

(a) Evaluate the expected value of X (t). 

(b) Evaluate the autocorrelation, Rx(t1, t2). 

(a) X"(t) = 
e - t + ;;,_-~-(-~7 e-~-i) 

. ' 

I f 

,_, 

:: £ ( e ~ +. - e-t ) = o 
.G:. 

9 

u• 

·1·· 

.) 
\; 

L-.-- --,J 
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10. The power spectral density of a stochastic process is 

Sx(w) = 3 e 
~2:w. 

What percentage of the power is above the frequency w = 1 radian per 
second? 

To-ta I pcwe,....: 

for 

" I 

[ Q \ 

10 

r 
I 
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f iraq I 
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EE508 Examination 

Robert J. Marks II 

Please write your name on the lipper right hand corner. 
This examination is closed book and closed notes. Calculators are allowed 

but will probably not be needed. Each student is allowed two 8~ by 11 sheets 
of notes for the test. 

All work will be done in this test booklet. 
Each problem is worth 20 points. 
Some hints: 

• 7 ~ 2 

• exp( _:_7rt2 ) has a Fourier transform of exp (-7r( ~~.)2). 

• The Fourier transform of a unit step in time is 

1 
7r8(w) +-. 

JW 

• If the Fourier transform of x(t) is X(w), then the Fourier transform of 
x(t- r) is X(w) exp(-jwr). 

• The Fourier transform of a function x(t) is defined as 

X(w) = 1: x(t)e-jwtdt 

• The inverse Fourier transform of 27r8(w) is one. 

• The Fourier transform of the first derivative of x(t) is jwX(w). 

1 



1. Fundamentals. Circle the correst answer. Correct answers are +3, 
incorrect answers are -2 and no answer gives a zero score. 

(a) 

TRUE FALSE 

(b) The power spectral density of real WSS stochastic processes is 
even. 

TRUE FALSE 

( c) Mean ergodic stochastic processes are also distribution ergodic. 

TRUE FALSE 
(d) 

Fx(x) 2: Fx(x -1) 

TRUE FALSE 

( e) X is always real. 

TRUE FALSE 

(£) All independent random variables are uncorrelated. 

TRUE FALSE 

(g) The characteristic function for the degenerate case of a determin
istic "random variable" is always a complex exponential. 

TRUE FALSE 
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2. Let 
d 

Y(t) = dt X(t) 

where X(t) is~ WSS process with a given Rx(r) and X(t) =constant. 
What is Ry(r) and Y(t)? 
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3. For the stochastic differential equation 

Y(t) = !x(t) + 2X(t), 

find the autocorrelation, Ry(t1 , t 2 ), when X(t) is a random walk with 
parameter a. 
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4. A Gaussian stochastic process, X(t), and its (linear) Fourier transform 
are described as follows. 

Find x(w). 

X(t) = e-7rt2 

Rx(ti, t
2

) = e-min(Jt1J,lt2l) 

x(w) = r: X(t)e-jwtdt 
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5. The autocorrelation of a stochastic process is 

(
27r(t + 7)) 

R( t + T' T) = cos T 

(a) Is the stochastic process cyclo-stationary? Show why the answer 
you give is correct. 

(b) If the stochastic process is cyclostationary, evaluate the autocor
relation of a process formed by randomizing the origin on the 
interval (0, T] 

6 



6. A whitening filter is a linear time invariant filter that transforms an in
put, X ( t), into a white stochastic process with a11tocorrelation, Ry ( T) = 

q8( T). Specify the frequency response, H ( w), of a whitening filter when 
the autocorrelation of the input is 

7 



7. A digitaHilter has a transfer function equal to 

1 
H(z) = --1 z--2 

The input to the filter is discrete white noise with autocorrelation 

Rx[n] = q 8[n] 

Let the filter output beY[n]. Find the power spectral density, Sy(eiw), 
of the output. Your answer should be real and non-negative. 
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1. scratch paper 
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2. scratch paper 
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3. scratch paper 
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EE505 Final Examination 

Robert J. Marks II 

December 13, 1996; 2:20 to 4:30 PM 
Special Friday the Thirteenth Final Exam!! 

The examination is closed book and closed notes. Calculators are allowed. 
Each student is allowed three sheets of notes. All problems are weighted 
equally. 

All work will be done in a test booklet. No scratch paper is needed. 

1. The events A and B are independent. Are the events A and B always 
independent? If not, provide a counter example. 
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2. A die is rolled. The stochastic process, X (t), is set to 5 e-t when the 
die shows six dots. Otherwise, the stochastic process is set equal to 
-e-t. 

(a) Evaluate the expected value of X(t). 

(b) Evaluate the autocorrelation, Rx( ti, t 2). 

2 



3. Let X be a Poisson random variable with unknown parameter a. As
sume a is sufficiently large to apply the central limit theorem. We 
perform an experiment the outcome of which is 14. Estimate a 98% 
confidence interval for the parameter a. Assume 2 erf(2) = 0.98. 
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4. Consider, on a plane, a small area a within a larger area A. We place 
n points at random within the large area, A. 

(a) Let k be the number of points in the small area a. Evaluate the 
density function for k assuming the area a is much smaller than 
the A using the Poisson approximation. 

(b) Let both the area A and the number of points, n, go to infinity 
such that the ratio of n to the area is a constant, >.. The result 
is a two dimensional Poisson process. For a given >., what is the 
radius of a circle such that the probability of containing no points 
is one half? Express your answer in terms of >.. 
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5. The stationary stochastic process X(t) is zero mean with a uniform 
distribution. Its autocorrelation is 

R (T) = _!_e -an 
x 12 

(a) What percentage of the time is IX (t) I :; 0.3? 

(b) Evaluate the expected value of 

12 [x (t) + x (t + l) r 
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6. Let the random variables {XnlO :::; n :::; N} are uniformly distributed 
on the interval (0,1) and are i.i.d. Define the random variable 

Estimate the probability Y :::; exp(-3). Assume N = 9 is sufficiently 
large to apply the central limit theorem to ln(Y). 1 

J; In2 (z)dz = 2 

erf(2) = 0.48 
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1. Scratch Paper 
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2. Scratch Paper 
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3. Scratch Paper 
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4. Scratch Paper 
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EE508 Take-Home Final Examination 

Instructions. 

• Attach this test booklet to your exam. 

• You may use any nonhuman resource except for Professor Marks. The 
EE Department's honor code is in force. 

• For take home exams, neatness counts. 

• Each problem is worth 20 points. 

• The exam must be turned in before March 20 at 5PM. 

You may find the following Fourier transform pairs useful 

-1T1 2 
e {:::} 1 + w2. 

1 
If x ( t) {:::} X ( w), then x (at) {:::} ~ X (aw) 

1. The autocorrelation of a zero mean stochastic process is 

Design a linear time invariant filter using adders, differentiators and 
amplifiers/attenuators so .that, when X(t) is fed into the filter, the 
output; Y(t), is white. 

2. A European call option is priced at a r = 0 safe investment rate. The 
strike price is set to the current securities price. In other words, X = S. 
If the call option has a duration of T = two months, what is the implied 
volatility, CY, when the Black-Scholes formula places the fair price of the 
option at 10% of the strike price? 

1 



3. Differentiating the sampling theorem expansion for a deterministic sig
nal, x(t), with bandwidth B, gives 

dx(t) = t x(nT)_cJ,_ sin o-(t - nT) 
dt n=-oo dt o-(t - nT) 

where (f = 27f B and T = 7f / (f. Let X ( t) be a (f-bandlimited stochastic 
process. Does 

dX(t) = t X(nT)_cl,_sin(f(t-nT) 
dt n=-oo dt (f(t - nT) 

in the mean square sense? 

4. Define X (t) i:,1;:=-N An ei2nnt/T where T is a given period and the 
2N + 1 random variables, An, are independent and identically dis
tributed random variables with real mean a and variance (f2 . 

• Compute the mean of X(t). Express your (real) answer as the 
ratio of two sin functions. 

• Evaluate the autocorrelation of X ( t). Is X ( t) cyclostationary? 

• Let Y ( t) = X ( t - 8) where 8 is a uniform random variable on 
the interval (0, T). Is Y(t) ergodic in the mean? 

5. Let X [n] denote a real discrete stationary Gaussian stochastic process 
with mean rtx and variance var(X). Let K denote a binomial random 
variable corresponding to N trials with a probability of success p. Let 
K and X be independent. Consider the sum 

Evaluate the expected value of the random variable S. 

2 



EE508 Midterm Examination #2 

Winter 1997 

Instructions. 

• Do all of your work in this test booklet. 

• This test is closed book and closed note. 

• You are allowed two notebook sized sheet of notes & a calculator. 

• Each problem is worth 20 points. 

1 



1 Problem 

A common model for the autocovariance of certain stochastic processes is 

Does the integral 

1 JT 
2T -TX (t)dt 

converge to the (non-zero) mean of X(t)? In other words, is X(t) ergodic in 
the mean? 
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2 Problem 

A securities price, S, follows the familiar Ito process 

dS = µSdt + aBdz. 

Describe the Ito process for 8 2 • 
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3 Problem 

Consider the first order difference equation 

Y[n - 1] + 2Y[n] = 4X [n] 

What is the power spectral, Sy(eiw), when the input is discrete white noise 
with power spectral density of Sx(eiw) = q? 

4 



4 Problem 

A stochastic process, X ( t), has an autocorrelation of 

Rx( ti, t 2) = e -1t1 1 + e-1t2 1 

Let Y ( w) be the Fourier transform .of X ( t). 

Y(w) = J: X(t)e-jwtdt 

Evaluate the autocorrelation, Ry (w1, w2) of the stochastic process Y ( w). 
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5 Problem 

Let X ( t) denote a Wiener process with parameter a. Define the stochastic 
process 

Z(t) = X(t) - X(t - T) 

where T is a given positive number. Determine the first order probability 
density function of Z(t) for all positive values oft. 
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Scratch Paper # 1 
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Scratch Paper #2 
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Scratch Paper #3 
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Scratch Paper #4 
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(f'\ame) 

-------/JOO 
(.!Sc.ore) 

All four- problems af""e worth 2.5 poifltS eac'1. F"or prol:>lems 2-L.IJ sho<.V 
your wor-J<. Clo:sed notes t books. Yoo are a I fol.\)(!d one pag-e. 
of- notes. The t::est is de~ifned f.o,.. i hr,, but ycv may '/:ake 
t:he el"ltif"e :z. hrs to de; . 

!. Match the stochastic.. 
the best d escri pti on. 
only once. No pe.na lty 

a. E [X(t )] ":I- coos ta nt 

Process sample t:o 
Use an answer 
for guess•,... f;-

b. Rx(t,,t2)~ Rx:(t,-t.2) __ _ 
'-write y_our- · 

answers he re 

c. Va.JU X(t:) ::/- constant __ _ 

d.cyclostat;onary 
e. non· ergodic. ....... ___ _ 
t. stationary·····-·----

Xlf;) 
X(t) 

A. i-----------t 

X(t) 

8. 1-+--J---'---'-----JI-- t 

.XXt) :X:(t) 



- 2-

X:lt) ·,s a i!-er-o mean ga.ussia() (ncr-maf) 
process with autoc.or-r-e /at.1on; 

Rx: (-r) = ( ~;-r )'2-

(a) Let Y = X ( ~) + X (-t) + X ( ~). F; d 
t-he proba bi lit/ dens it/ :func..tioY) 
for Y. 

( b ) Fi n d th e pre b a bi I ~ t f t hat 

X( ~ ) X(~) > o 



( 

-3-

L e t ~a n I - oo < n < o0 j be u n co r re I a t ed 
random variables with eero rnea() ClrHJ 
var·, an ce (!!rn"2. = c;-- 2 for al I n. Cons·, de,.. 

co 
Y(t): L- an b(t-nT) 

n::.-oo 

whe.-e. T ·,s a g-i ven pa ram etef" .. 

(a) Is I(-t) wide sense cyclosta.tion-av-y.? 
(Show your'"'" work) 

(b) Let® denote a random variable. 
uni .form on (o T) and i nder;encJent; 
of -the a"'s. 'rs Y(-tJ=X(t-B) 
ergodic if'l the. mean? 



The Fourier Trans form ·,s a I 1oea r 
o per a ti o o. Co n s ·a d e r 

Oo • 

Y(LU) = loo X:(t) e -dwtdt 

(_a) Find the autocorr-e lat'•on .;or Y(w) 
[ l?y (w,,w~)J when X'Ct) is (2er-o mean) 
wh'at e no·a se: 

Rx-Ct.,t,)= 9Ct.-,) 6(t,-t~) 
, . ? 

(b) What t !Fe o:f process. •S Y(w). 
( L et q ( <.(.) ) ~ J_: 1 ( +: ) e. "8";-td t i '1 (.a)) 



( 
\ 





( 

( 

Name---------------
5cor-e _______ / ~oo 

Rules: 
I.. No humao help (ot:.'1er -l:han Pro~. tllark.s) i5 Cflfowe.J. 
i. Due q A.fr/I. J Mon Maren 17il. PleZJse have your test 1 

f,lacecl in Prof. Mar-ks' mailbox. Do ~ slip under 
his oft'1 ce door. 

3. In final tor-m.J your exam should he staplec./ 
wi t:h t:h"as pag-e as a. cover sheet., 

'j. Since this ; s a take home test' neatness counts. 
S. Sign and date the! statemer1-C- befoc.v~ 

l' All o~ the re I e rences r have u se.d .Pot" t J, is 
'test (huMan or othef'wise) are listed an 
the bacl< of eh 'is pa g;e ,, 

S tG N 

Dfl1E 

£a ch p r-obl em is worth I 00 pt s. 

'' ... o~ making maray books there is no 
end j and mvc h study is a wea ri nes s 
of th e ~ I es h .'' 

l<i"g Solomon tn E"cc.J. 12.:1.2 



( 

~---------LINE: CODING 

Let bn denote iid samples Prom the. 

de n :s i t- Y : J'b ( x ) = -f" cS ( >< + I ) .... -t 6 ( K - I ) 

A se1uence oJ bn '.s could he considered 
a s-t ream of (bipolar) bits. 

1(a) Show t:hat: X(-t)= ~ b,, 6(-t-nT) is. 
I cxc•ostationa ry. n Then,, comp,,ut:e. 
1 'I: J>e. po we,.. spe f=t:ra I density o 'P . 

YCt) = I(t: - 0) 
, where 0 is uni f orM oo ( o, T ) 
1

(b) F"; nd t:he po we,- spec1:ra I de n.s i t::y o:P* 

• l ( f:) = ~ bn Nd ( t; - ~ - n T ) 

Note -that e(t) is -the ovtpu-t o:f a 
~; /'f:er wit-J.. impulse response 

h ( t: ) ::: ~ ( ~ /T) 

w i e t1 Y ( t } ·, s ·, n p u-t • Z. ( t ) i s a ''po I a r 
coding'' oJ -t-he bit stream. Sketch S~(w) 
vs. w. 

:(c) The bit .stream in (b) could,, for eKample_, 
be setl~ over a phone line. Un.Por-tvf\atefyi 
rhone Jines ,typic.af.ll.. have. a fre1uenti . 
response I•~ e -th 1 ~: : 

IL 
~111'300 

}~ 
2Tf1'3000 

The p,ower Sfiectf'al densi-tf ifl (J,) has 
sign;; 1callt" low freq uencl componetl-1;.s 
w~ , c h ca" 't; be ~ e nit:. o v r t h e I i n e • 
A I a ·n e cod ; n e- t e c h n I i v e ( c. o m m on J y 
used) that g-.e.t:'$ ar-cund this prob/et)') 
is bifoJat"' lit"le cocl ir'lg-. (cont)--. 



( 

I 

i ( c: ) ( c:. on 1: ) • Io bi po I a r cod i n g' bot: h a + i a t\ cl 
a - 1 r-er.re.sen-t the bi na "J 1 and 0 repr~sent:.s 
O. It a bi na,... y 1 i s ref>...., sent ed as a - '.! J 
t:he. neJt-t binarly 1 is r*!fre.sentecl as. a +~ 
(and visa versd\ • ...,ere's an e1ramflc: ~ 

bits : O 0 o I I I O I 
I 

binary code: 

bipolar code: 

- I I .~ b"' 
I 

0 -, 0 0 I -1 0 .. l ; c,. 
I 

' I 

E'qvivalently, everv other i in the bit : 
si!-reat'Y\ ·,.s, ne2"9a-t 1ed. 1 

The bipoJa-1,... code ca() be. v·1ewe..d as a: 
Marko.f J. pfoces..s ·,; we treat the bipolar t~rosin 
t: wo tl\J<J. y s : A 0 + is a ~e r-o that w• I/ ! 

convert to a + 1 the.. next -r;me a .1 bit-i 
o c <::. u r :s • A () - w i 11 co f> v e r t to a - 1 • Ti1 us_, 
only a -1. or- a o- can follow a o-. j 

Using -the four states o+,, o-_, 1 af:ld 
- 1 J d.rqw the ~tat~ di a~ra rY\ a.nd . n : 
ft\atrix ror th1.s proces~ (as ,,.. I=1g 12·11'/ 
o ~ 1 o o ,. re. ~ t ) • 1 

F' or w ha t in i ti a I state fi rob a bi I It i e S 
i s t h i.s ho M o g-e fl e o u s fv1 a ,.. k o t f p r o c e s.s 
.:st.arionary? , 

(e) Let fC.,~ denote. -Che bipolar code o.P : 
corresponding- binary cocle1 f bn3. Show 
that Cn is indepe'ndent:- of Cn+m i,¥. 
}mf> i. (Hint;: Look Qt n"' Por m > t. ]. 
AssuMe 5ta.;=-ionar-aty. 

!Cf·) Let X'(t) = ,?-;,, Cn b { t - n T )_, and Y(t): X'(ti· G> ). 

Find the. power spectral density of Y(.t ). 
i(g) Let 'l(t): ,.,~- Cri ~ ( t - ~ - n T ). Find 

the. power s Rectra I clens i.tf ot r(-t) q. nd . 
note: tha-t this line coc11n. t-echni1ue catttit 
our eho>'le line. I be-tr.er hall t:he.. ; 
bioar7 case. ; 



------'------------- --------~---

( 

JITTE.f<. 

~ .. (a) Let {r n J - o0 < n < oo ~ cleno-te ii d s ample.s iro1>1 
a densit:y fx(x). Let: tn: nT+-X" where 
T i .s a speci .J!ied .Siirnpling- int erv a I. OeJ?~ne. , 

Y(t) = L: b (t -tr\) 
n 

, Show t:hat Yft) is w·ade-sense cyc.los-tat-~onarr:• 
i ' :I 

1Cb) Let G> be. a uni.form r-andom var·1able otl (o,"'.r) 
i
1 

-that i.s independe·nt oi i:he Xn's. De:Pine.. 

I ~ ( t- > -= Y( t - <=:>) 

\<c) 
i 
I 

I 

Derive t:he mean of. ~(t-) and show -rhat: ) 

Ci!(-r)= + b('r)+ + L. rr('r-nT) - -\--1l. 
n~o 

where. j°'° l' -
r x ( 1").:: •00 7x ( t. ) _tr (t: .- 't )d -r 

Hints :•For at'\y ~unc.t'•on 'f(t ): 

~ J
0
T -f(t: -nT )dt = 1: f(t: )dt: 

•Al~oJ r tound ~he PoiS.$00 sum form."'~ vs~ful. 
• I; H (") = foe. ~t) e ... cl ~rru t:dt, h (.t) is r-e~ I_, 

and rh (t): f. 00 h ( ?- ) h (-t + 'r)d1" then 1 

J .. : r"(t.)e·J~-nutdt'= J H(u)l"2. 

De.fine " . . t A 
"" A -J2TTU n 1 

G(u): T ~~{tn) e j tn~tn+0 
~ ' 

Show that G(u) is an unbiased 
estimate oP 

G(u)= J_: g(t)e-d 2 rrutdt 



. f 
~~~J·~-co-n·~~)~~~-~~~--~~--~-

(tJ) Let glt) be real w~th ener~7:. 

I ! 

i 

i 
I 

le) 
! 

' 

I 
~I) 
I 

£ = 1-: I g l., > I 2d t 
Fur~ he rm ore a s~ume ~lt) i.s band Ii m:te.d 
with max·.m""uM fre1v~t>c.y W: 

G(t.t) = o ; I u I> w 
Show that J i ~ T ~ 1/2-w J t:-h en• 

VOJU G(u) = T£ - T / G(u)l'2.* I q?X'(u)J5Ju}<'W 
where * denotes coovoJution. 

Interpret your re~ul-ts in (d) when 
t h e ,.. e i s n b j i t t e r. Th a t i s .J e a c ,,, 
Xn ·, s e1 ua I to a dete rm·,"'·, stic:::.. -=te ro. 

Comfare this estimare to the one. whe"~. get i~ Sampled at Poisson eo·· t'lts wit 11. J 
cJe ll S 1 t y_ ~ : J. / T. [pp. 335 - .3.38 d/ Pa pou:l 1.s 

Se.ec.ifica1Jy, which o-i"es the best · 
e~t:-iMa-te of G(I.() <=>? 



EE"S08 
! f=lnal Exam Name ------------+f

1

-

5core ------- /;?OD l -

Rules: I 

··1. No human help (ot:.'1er than Pr<>f.. /'11arks) is QI/owe.cit 
i. Due. q A.M. J Mon March J7tb. Please have your te~st: I 

f,laced in Prof. Mar-ks' mailbox. Do not slip under I 

his o.P.P1 c.e door. I 
3. In .Pil'lal for-m.J your exam should be staple.cl 

wi t:h this pag-e as a cover sheet,. 
'j.Since this is a take home test' neatness coon 
S. Sign and d23te th~ staterY1et1-b- be /ow: 

''All o.P. the re/er.enc.es I have used .Per- t:hi s 
'test ( n uM an or otherwise) are 11 sted on 
the back o t t-h ·, s pa ~ e '' 

Of)T! 

£a ch p rob l e rn 1 s worth I 0 0 pt s -

'' ... o~ making many books there is no 
e n d j a n d m v c '1 st u d )' i :s a we a ,... i ne s s 
o .P t '1 e ~ I es h. '' 

King Solomon in tee.I. 12: 1.2 



-----~·:--fco-n-t} --

( d) Let 
I 
I 

------- ------------- --------------------!------------

glt) be real w~th ener8;7: 

I 

£= r: tg£~>1"clt . 
Ft;rt- he rm«;>re..., assume. 'E' lt) ; s .ha od Ii m ;tecf 
w1-th maxamuM .P.refve!;?()c.y W: I 

G(u) = o ; I u I> w , 
Show thatJ if T~ 1/2wJ t:heos 

VOJU f:(u) = TE - T / G( u )j '<-*- / 4x(u )j ~ Ju}<'W 
where * denotes coovoJvtioo. 

1e) Interpret lovr results in (d) when 
t h e r e i s n j i t t e r. Th a t 1 s ..> e a c J.., 
X n i s e 1 u a I to a d et e rm·, ~ ·, ::,-t i <. '=i!' e ro. 

I 

Comfi!!re this estimate; to the .one w~er~ 
cr(t IS sampled at Poisson eo• "\ts wat '1 
bdet'lsitY- A-= i./T. [pp.335-338 cl Papoulfi.s] 
Seec. i f i ca II y, w h; c. h gives the best I 

est:iMate of G(«) ? I 

! 
i 
I 

;h ( ) Jo.a ,.. ( ) -J :zrruxd lia . . ':i:'V" u :: -Oo .T:r )(. e x::. c. ract:er1.st1c 
• :Function 



JITTE.f<. 

I 

';;, . (a) Let {X n J .. oo < " <. oo ~ de o ot e ·, id s amp f es .fro,,..,! 
a densit:y fz(x). Let: tn: n;.,.z" where ' 
T i.s a specified .Seimpling- int erva I. De~~ne. 

Y(t) = L. b (t -tt\) 
n 

i Show that Y(t) i.s w'1de-sense cyc.lost-at-~onarYi• 
I ! 
I , I 

l(b) Let G'> be. a. uniform r-andom var-'1 a bJe on (o,,t') 
"'hat i .s ind e pendent: o.f ti he XI') 's. Oe.:l!i n e 

I 
I 
'(c) 

I 

~(t)~Y(t-0) I 

Derive t:he mean of. °l(t) and show that: 

Ci!(-r)= + 6(~).-. + L. r,,.('r-nT) - t.~ 
n~o J:).. 

1 

where. JOIC> " rx('t')= •00 :rx(-t) _tr(t i-1')d1' 

Hi.nts:•F'or any Punct'•on -f(t): 

~ J
0
T "f(t: -nT )dt = J.: f (ti )dt 

•Al5o.J r found the Pois~on sum formola vsd-fuJ. 
• IF H(1.1)= J: hlt)e.--cJ~rrut:dt, h , . 

and r-h (t)::. J .. : h (-r-) h (t + 'r)d-r then , 
J .. : rh(t)e-Ja-rrutdt= J H(u)\'2... 

Def; ne A 
tv A -j2rrutn /\ 
G(u): ~ ~~(tn) e j tn~tn e 

Show that. G(u) is an unbiased 
estimate oP 

G(u) = 1-: g<-e) e -Jzrrutdt 



----------+--- -- ---------------

i (cl (cont-). In bipolar coding, bot:h a +i and 
a - 1 re r.res e n-t the bin a "l 1 and 0 reprkserrts 
0. If a b i fla r y 1. i s rep r- s e n t ed as a - \! J 
the nex-t binal-y i i.s repre.sen-teol as. a +11 
(and v'tsa versd\. 1---fer-e's an eKamrle: [ 

bits : 0 0 0 I 0 I 

binary code: 

bi fo I ar code! 
' 

0 -1 0 0 

i 
... I 1 b., 

0 ... , i c., 

Ejvivalently, ever'!, ot:her i in the bit 
s-erearY\ ·, ne2'.""a-t ed. ! 

The bi po l<Pr code ca fl be. v·, e.we.d as a 1 

Marl< of P f ,..o c. e ss if we .,tros in 
::n°ve:'a :. A+ 1 + i [ 
0 CG LJ s" - w; 11 ~ 
on I r- - .. I" 

Using t:.he four states o+_, o-_, i ard 
... 1 J drqw the state. di ag:ram and n i 

ro at: r ,· x ; or th i s pro c es s ( a .:s i o i='i g 1 2 • •1
1

41 
o ~ your' t:e. ~ t ) . I 

i 
( d) For w ha t in i ti a I stat e R rob a bi I I f; i e S 

is this hoMog-et"leous JVla,../<off' process 
st.at-iona ry? 

1 

I
\ ( e ) Le t f C,, ~ d e not e. -b h e b i po I a r code o .P. \ 

cor,.. es ponding; bi na rv cod eJ f b"' j. Shor( 

I 

that C 0 Ls indepe/ndent' of Cn+m i.f.[ 
}mf> i. [Hint;: Look Qt: M"' Por m > t J. 

I Assvrtie stationar-ity. I 

!(~)Let X'(t)= ~Cn &Ct-nT)J and Y(t)=X'(tl·G). 

j Find the. po~r spectral densit t of- Y(f'.'. ). 

l(g) Let l(t) = 0~- Cn ~ (t -~ -flT ). Find 

th e. pow e r s p, ~ctr a
1 

~ den; i. t:,_ ,o t ~ {t ) q, n d 
note. that th as r • • r.dsn . . 1 

, .~1 ~it 
our Eh oil'le line ' be -t:'t.er ha n t: hJ 
bi oa r7 case... 



1 

(a) 

________ _._ LJ/\l_€_ _ __ C_Q_QLN_G _____________ ~-------------
I 
i 

Let: .. · bn denote ; ; d samples f.rom the.I 
densit:y: .fb (ic) = "'t cS(x+ 1) + -4: 6C.<-1) I 

A se1uence of b,, '.s could ~e consideretl 
a st ream of (bipolar) bits. ! 

I 

Show t:ha"i: X(-t )= '2:. b,., 6(t:-nT) isl cxc f o stat ion a rl. n Theo,, come,ut:-e · 
t: 'he. power spe rra I dens it; y o 'f 

YCtl = X(t - 0) 

where 0 is uni forM oo (o, T) 

(b) F'ind t:he power spect:ra Id en.s i t:y o:P 
' ~ ( f: ) = ~ bn N,d: ( t; - ~ - n T ) 

(c) 

* 

Nt:>t e -that t (t) ; s the outpu-t:. of. a 
.p; It:: er wi-t-h impulse response. 

h ( t ) ::: ~ ( t;: /T) 

w~efl Y(t} is ··npu-t:. t(t) is a ''polar 
coding " o J! -t- he b i t st re a rn • ~ ~, , _,) 
vs. w. 

! 

The bit stream in (b) covldJ .Por e.xamp lle_, 
be sen~ over a p hot"\ e l'a n e. Ur'\ .Port: uf\a tefy11 
~hone. lines ,typ'ccal.IL have. a fre~uent-jl · 
response I•~ e i:. 1-u ~ ~ 1 

IL l w . 
~~~300 2Tf ~3000 

The p,owe.r Sfectf'al density in (b) has 
signi-:P1carrt low frequency components 
wh , c. h can 't; be -s e nit:. o v I! r t Ii e I a n e • 
A I a ·n e c o d i n e- t e c. h n. i I. v e ( co m m or> J y 
used) t"1at g-.e:t;~ a r-ound this f' 
; s b; fO la r Ii .... e cocl • "'&"9· (cont; ) -~ 

-- r ) \ 



CC> 

!. a) X(.t):. L:.. b., b(t- nT) 
n:-o0 

Rx(t;1')= E: X'(t)X'l-r) 

• E X(-t) =- O 
' 

= L.. L b(-t-oT)b(~-mT)Eb0 bm! 
~ m I 

8vt:
1 

since b,, ~ bm are irf\d. :Por n;im: 

£ b,, b...., = £ bn E" b..,:. O ; n 't- l'VI 

Thvs: E: b 0 bm= 6[n-m] and: 

R:g(-t-;1") = L b(c - nT) 6(7'- n T) 
n 

Rr(t "( ~-):: ~ ~(e+?'-nT) fs(t-nT) 

::::? c/c lost.a t-ior'la~y 

Y(t:) =- X (t - (;)) ~ G un'1.Por-m on ( 0
1 
T) 

~ Ry ('t) ='t-J
0

T R:x:(t ~ 'i,, -f: )d t 

= + ~ J!;f (-t+-r-nT) b(t-nT)it 

Cor ~(-t-nT) to be.. if't (-T/2
1 

T/?..)J n=c ~ 
-1- f T/z. · I ·Rr( r) ::. T .. r/-z- 6(t+1") 6 (t )d t- I 

_L_ . 
= + b(-r) --:'> Sr(w)= T 

(b) ~(t) 

i 

LJ • J_, T) 2-
J-. c~~ 
T W: 

I 

. <... 
J H(wJJ = 



(c 

I 

(c~~~ 

I 
I 

(ell) 

..L 
'2.. 

Cn.::: o+ 
o-

t- 1 

- !. 

•f 
,, 
,, 
., 

C :: o+- or -1 " ... 
ell-I.: o- CH" +f 

Cn-a:::: o+ or -1 

Cn- 1 =0- or+i 

I 
I 
I 

o+ 0 ... I - 1 ~N 
'I '2. 0 1/2 0 I ot 

I r= 0 '/z. 0 •/:i. a-
0 '/z ! 

'/2 1/2 -1 -

n n -' .Po r n > .t _, has a I I e. I em e 11 t: s 

e7val to 1/1./. Thus 

P [ C 0 +.,,) Cn]= P[Cn+m] f-or m.b> 1. 
I 

Si nee [_._ -'- ..L -b-J T _ · ..L ..L ...L. ..LJ t 
't 'i tt, - Tl[LC 'i 'i 4 l' 

t:h e p"oc.e ss is st-at-i e>n a ry for 

P[c-J =- P[o+]::. P[ 1]: P[- 1]::. y.., I 
I 

/ 



(f) X( t) : 2- Cr\ h ( t - fl T) 
fl'\ 

E" X:. ( t ) =- 0 S ,· n c e c C., = 0 f o r 

-t:: '1 e s -t:a -1:: i ona r-7 case. 

I 

:: Z:. ~ b (-t -nT) b ("t'- MT) £" Cn Cm 
n M ! 

I .f n = m ~ £" C 0
4 = [ <:- 1 ) '2.. +. ( • ) '+ ( o + ) 

2
-t ( o - )0 1

/ Lf 

-.:. '/ 2. I 
If m=-n+a.J CnCn+ 1 is e~t:her 0 or-~ 

( c ~ '+- h i n c e w o ± 1 's c Q ,-, 'T1 

be back hac ) 
Could be~ (o+o+)' (o+ L) I 

(o- o-) J ( o-_, -1) 
(1 o-), (1,-1.) 
( - 1

1 
0 +)) (- 1. I 1. ) 

tQch pair with e'jval probability. 

E: Cn Cn+i = - .YLI 
Simi larl r ,E""CnCn-a::: - Vt.1 
For a// other cases .. tC,..Cm= E"C,..Ed,.,.=o 
And: -' I 

Rxft;r)=- ~ ~ 6(t-nT) ~(1'-mT) , . 
..L ; [ ± ~ ( O - ti'!] - * 6 ( n - t"1'1 - I] - LI b fr- WI -t 1] _ 

= ~::t&(t-nT)b('t-nT) 
0 

-Tf>(t-nT) b(1'· Cn+1)T) 

- fr 6{t ·nT) {,( ?'- (n ·1) T) 



Thus: 

Rr(-1::+1',;t:)= ~ ~(-t-+-r-nr) [-:i:- ~{t ~nT) 
--fr b (t:- -l~-t-•)T) - -4- ~ (-1: - (n -1) r)J 

: . r i ~ cl c I o 5 -1: at i o ()a r- v s ; nee t: J, is ; s er 
per' i 0 d i f U fl C cf: i t::H1 0 f / t. 

Yl-t)= X(t- 0) 

f? ~ ( r) = T J_ r/z. ~ {, { t:: + ~ -n T) [ 't- b ( t - n iT) 
.L- - T/2.. " l 

- -t;- 6 lr-{n+•)T) - Lf- {,(t-ln-•) T)ildr 
I 

• r rtz. r -'-
== T 1-r12 L'i:G (-t: - -r-) , 6 (t) 

--zl- ~(tt-T'+T) ~(t) 

--tr- G(t-+'1'-T) ~(t)]dt 

:: + [f &(-r) - i- S' (~~T) - ~ ~(T-T)] 



gl U5ing; -the sarne filter as in (b): 

I • 'Z. WT ( 2 ~ ~T )~· 587 (w)= T ~ Z .K co. ~ w I 

'/ • 41 WT 1 

::. rw~ ~ 7!.. 



--- ------ ---------~--------------------- ------ __________________________ J ___ ~~-----
;2. ii) YCt) .. ~ l, (t- t.,) I 

t":: nT+ Xn _, X-n ~ .fx: (x) (iiol) I 

E" Y C-to ) = 11 y ( t > = ~ £ bl t - n T - X-,.) · 
= ~ r: fr(X) ~ (x-(t-nT)]i 

: ~ Fr ( i: - n T ) ~ I ) 

Ry(t; ~): E Y(-t:) Y(..,,) 

= L L E" ~ ( t - tn) S ( 'r - t,,,..) I 

=~[:~(t-t,,)~(.,.-r .. ) I 

... L.. E' b(~-t"') b(~-t:M)] I 
m~n I 

I 

= ~ [· J: Fx(x) &lx- (t-nT)1 Mx~('r-JlxT)) 

+ L j f fx(") f:z:(y) 1

1

1 

mjl!n J( Y 
1 

>l b { }(• (-t -nT)~ 

::. ~ [f.x(t -nT) ~ 

I 

6~ y-(1'-mT)j\dxJy 

+ L_ ;x(t-nT) ,tx(-r- nT)] 
m~n 

==> Ry ( t + r j -t) : ~ :f x. ( t - n T) b ( t' ) 

I 
I 

+ L. ~ f.x(t:•1'-nT) :Fx(-t-mT 
n m~n (z) 



·~"- ------·-~-----+-~---------------------------------------------------------·-----------------------+----------------

To be cyc.lost-at'aona,.../ in t e w1 e setlse ... 
We. 0 e e l:f t; o S a ti S f. 7 -I.: Wo C.O n d ~ -f; '1 0 fl S : 

([) ?1. y ( +: + p T ) -= 1'l y ( t ) ~ p € T ,-, t-e~ r 

lD Rr ( t- + 'l' + p T, t: .,., p T) = Ry: ( t + ?-_; t: ) 

T'h e:S e cen•>d ·• t·· Cf>t">5 a re sa /:;is~ i e.c/ bf E1s. ) 
a n d ( 1) r es rec. t: .. ve ,, 

(b) ~(-t)::: Y(t-G) j 0 uniform on (o,,T) 

... /1i!: + f
0

T "lly(-t)dt 

" + ~ LT fx(t:-nT)dt 

Z:_ f 0T f (t -nT )dt:: I-: f (i;) dt: 
n 

ih us: 
71. ~ ~ + J_: f. x ( i: ) d t- ::. 'IT 

T·~dt 
I 

- -1-T 2:.. J T fx (t.1--r-nr) P:r(t:-nhdt-
n o I 

I 

where we hove vs ed (3 ). Cont-inuing-: 



3 

--------------~----~----------------------~--~-------- -------------+----

where. we .have aga·ui used (3) wit~ 

f(t.)= t"H:.(ti-I) Fx.(t;} 

Define. t;he C.har-acter-·1st-.u:. fur>c.tlon: 

;J:._ J - {' -J 2.TrU X 
~r(u):: -- 1"r(Je) e cl x 

Then, from the Poisso" sum forMula: 

Us i n g- t ~ i s i n ( 5 ) : 

J_ r T ;J:. (.D-) j 1 rrn ( t: 
i<~(T) = -} b ( 1") + T3 lo ~ ':l:!x. T e 

·~ :E:_ ~ ( ~) e J 2.Trmt/T 
M ':J:'x 

_L ) - T r_ (1' x: 

where 

rx(f') = J_: fx( t+?') tr (-t= )dt-

<s) 

~)/T 

< ,.. \ ~x-(u) 12. c~) 



Cont; nu; n g: 
R:el~>= -.f- f,(;) -·-Jr rx:l1') 

+ ""h ~~ <Pr<~)~x-C~ )e-;,2rrn-r/ 

J T j2rr(n-tm)t/r 
ll o e J 

But f
0 

T e j 2 rrpt/Tdt:: T (, ( p] d nd 

R2(1')= "i=-~(;)- .;.. rx('r) 

+-:\=a ~ I~ (-q:))ze-J2rrnT/T 
" ':l:!x 

U ~ i n ~ ( 8 ) an c:f t h e Po·, s s on 5 v m for- m u \ a 
g• ve~: 

R'i:(-Y) = + b('?') - + r:rC-r-) + T ~ rx( 

Th en: 

--:f- 6(-t)r-9- L r-x(-r--nT) 
n"#o 

'Z 
C ~ ( -r ) =- R ~ ( ~ ) - /t'"l; 

= ~ 6(1'\ + T l:. rx(-r-nT) -
n~o 

-nT) 

( q ) 

f 
tr ':lo 

I (·o) 



(c 
.,,.,..,. T "" -j 2rrutn A 
G(u) -=- ~ gli:n) e ; tn =- t:r\ + 0 

or 'G(u)=rf:g(t:)e-d 2
Trut r(t)dt i g; al 

T"hvs: """" J OCi> - 0· zrr u t 
E G(u)= T -0e g-lt)e t~(t d't 

:. G(u) 

where we have used ( Lf ) and 

G( u) -=- J_: g lt) e -J 2.rrutclt: 
A. 

Th us G i .s ao unbiased estirtlc:rte ot- r 
I \J""o 

( ) G.cu) ~ t} G(u) - G(u) 17. i 

I 
I 

= F/ T J: g;lt>e-J 21Tut{rCt)--\=-!lcltJ' 

" Ta 1 f trlt > g-(1' > e -J a1Tu Ct -1') 
t ~b b I 

• E f tlO - * 3( 7,-{1" - ·~T ~J~J7 

E~e(t) - +~~ -:e<-1'1-+~ = ci!ct--r) 
Sobst~i:-uting- (10) g-ives: I 

I 

VQ/V G(u)= T J: 17 g-lt>g-l'i'\ eciatru(t-T"l 

bu-t 

>'[6(t.-'t)- ~ + L:.r: ( i;-T-hT) 
n x I 

I 

- rx.(t -'i)] 
: TE: - /G(u)f

2
+4-B lc11) 

! 



w -~------------1-----~ 

f w (Glu) Id~ 
I 

A= T J;, fr gto g-(-;-) e -j zrru (t--r-). I 

I 

x 2:. rx (i: - -;- n T) clt-cl/I 
n I 

8" T ft J 
7 

g l-t) g;C-r-) e -j zrru(tc-t-) r 
2
Jt --r )~ t cA; 

Le~'s ~irs-t- eva.lvaie A. Using- t/.e I 

po•ssof\ sum f..o.,..Mula: . : 

A = ft f '7 i ln g-c.,.. > e -J ~rru (f: -. •J I 

)( ~ \ ;J\ (..!L)) "2. . d 2.TT n (t:-rr) IT 
., ':tr T e cftd°T 

• ~ ) p ( -:f-) }°2 Jt g ( t ) e -j ~ rrt ( u ~ ¥-) J t-
r -J 2Tr1'( ·-F- u) 

,,. 1-,. gl•) e d-r 

=' L I 9?( 4-) 1 z G-( u -4-) G(~- - u ) I 
n 

Since g '1s rec..IJ G(u):::.G*(-u) anQ 

A= ~ I ~ C-t-) G( <A - "9=-) I' ( 12.) 
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s ::: t - ( --:> 

where. we. I 

: 
I 

rg-(t)<>IG()\' I 

Sv.bst;tut-iog- (12) ~ (13) •nto (11) g-ivesf 

Vo..J>., G(u)= TE - /G-(u)l
2 + L /~(~) G(u-l~)/

2 

..., .r ! 

- T I G-( u) I -z. ~ ~ju) I a ! 

or-, since P°:x-(o) "° ! ) I 

VQ/IJ G(t1)= T£ 1- L. I <PCf-) G(l!--%)1' 
n~o I 
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If G(u)= o tor- I U \ > -w-, t:hen_, 

1f. T:<°iw, 

2: I 4_}(-,f-) G(u--!?=-)J
2

-=- o 
n~o 

and 

) ful< ;w-
1 

I 

VQ.IU Gcu)= TC- T IG(u)l
4 * \c'px(q)lf <1s) 

F'o r no j i I: t: er,, f "L ( x) = b ( ){ ) a n d J 

<fx:(u)= i. and l 
I 

'4 J ~ I 
J G(u) \ * l = -~ \ G-( u) \ 2d LJ = I? I 

~ I 

and VaAJ G = 0 for lul<V\T I 
I A I 

(f 1=9xom telftj va.;u G(u)= E/X-= ET whe~e I 
G-(u) is the Po·1sson est"rmate. Then, from (i1S): 

,..., A 
vevt.> G(u) < VaAJ G(u) 

The jitter est·. mate is a I iv.a Y.S hetter-.J 
no matter what t-g or g ·,[., 
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Abstract 

This paper describes a financial game based on a white sequence of 
random numbers (stationary discrete stochastic process) to determine the 
profits (successes) and losses (failures) of a game-player's repeated invest
ments. One free parameter exists which represents the amount the player 
wishes to reinvestment over all trials in one game. The monetary bal
ance then represents a stochastic process in this free parameter. This 
paper shows that an optimal reinvestment value can be determined for 
a given random variable distribution with positive mean (gambling with 
the odds). 

This problem comes from Dr. Robert Marks' class, EE508 (Stochastic 
Processes) taught at the University of Washington [2]. The three methods 
of solution include: (1) an analytical method or monotonic manipulation 
of the equation describing the balance after many trials in a game; (2) a 
direct calculation for the the optimal reinvestment parameter by numerical 
integration; and (3) Monte-Carlo simulation. 

1 The Game 

The game begins with the player's initial I dollars and a choice of a value to 
reinvest, say f, after each trial in a game (this value remains fixed throughout 
all N trials per game). The success or failure of each trial is governed by a 
random variable (RV), C, a set of independent and identically distributed (iid) 
random numbers (RNs), Cn. Thus, a sequence of trials may follow: 

n = 0, 

C1 > 0: 

C2 > 0: 

C3 < 0: 

n=N, 

I 

I(l +Pd) 

I(l + Pd)(l + P2f) 
I(l + Pd)(l + P2f)(l - Ld) 

I(l +Pd) ... (1 + Px f)(l - Ld) ... (1- LN-K f), 

1 



for J( wins and N -K losses. The final balance for a game (after N total trials) 
is then 

K N-K 

{3(!) =I II (1 + Pnf) II (1- Lnf), (1) 
n=l n=l 

where Pn = Cn for Cn > 0 and Ln = -Cn for Cn < 0. 
For large N, 

(1 + Pif)P1 
••• (1 + PK f)PK 

(1 - Ld)q1 
••• (1 - LN-K f)qN-K' 

where p = 2=:;=l Pn is the total probability of success and q = 2=:;;;1K qn is the 
total probability of failure. For a uniform distribution of C, all Pn and qn are 
equal, but in general, 

where Cn can be negative to represent a loss, Ln. Taking the logarithm of both 
sides gives 

B(f) ln (j) tr 
P1ln(l + Pif) + ... +PK ln(l + PKf) + 
q1ln(l - Lif) + ... + qN-K ln(l - LN-K f), 

which is the expectation of ln(l + Cnf). Thus the balance can be maximized 
by maximizing 

B(f) = E[ln(l + Cnf)], (2) 

where the linear operator, E., denotes expectation. 

2 Numerical Integration 

Equation (2) can be written more explicitly as 

B(f) = 1~-oo ln(l + cf)fc(c)dc, (3) 

where fc(c) is the probability distribution function (pdf) of C. 
By numerically integrating equation (3), an optimal value off can be seen. 

Figure (1) shows fopt for a uniform distribution. Only for 7J > 0 does an optimal 
reinvestment value exist. Further, a thresholding effect is seen in 7], where above 
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Figure 1: B(f) for C uniformly distributed with various values for the mean, 'f/, 

of fc(c). An x represents fopt· 

a threshold value of the mean of the pdf, the balance is optimized by reinvesting 
all of the player's money (f = 1). For the unifrom pdf, this value is somewhere 
between 0.075 < 'f/thr < 0.100. 

An optimal f may also be found for a Gaussian (or normal) distribution of 
C, as seen in figure (2). For a gaussian pdf, the thresholding value of 'T/ lies 
somewhere between 0.225 < 'f/thr < 0.300. 

Figure (3) shows the effect on fopt for a larger variance in the normal dis
tribution. Because the values of the profit can take on larger values (due to the 
larger variance or spread of the pdf in this case as compared to the case with 
O' = 1), the thresholding value of the mean is greater: ( 'f/thr )a=l < ( 'f/thr )a=2. 

3 An Analytical Solution 

An explicit equation for the optimal f can be found by analytically integrating 
equation (3). Assuming a uniform distribution of C with mean 'f/, 

d 11+t 
df 1=,.,- t ln(l + cf) de 

f + ln[l + f('TJ - ~)] - ln[l + f('TJ + ~)] 
f2 

Setting this latter expression to 0 gives f = fopt· 
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Figure 2: B(f) for C normally distributed with various means and a fixed 
standard deviation (]' = 1. 
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Figure 3: B(f) for C normally distributed with various means and a fixed 
standard deviation(]'= 2. 
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1\=0.3,a=0.5 
0.3 

- Monie-Carlo Simulation 
- - Numerical Integration 

0.25 
' .... 

Figure 4: Comparison of B (!) calculated from numerical integration and Monte
Carlo simulation with 50 realisations of B(k) (!). Cn is normally distributed with 
a mean of 7J = 0.3 and a standard deviation u = 0.5. 

4 Monte Carlo Simulation 

For a white sequence of random numbers, one realisation of equation (2) can be 
written as (1] 

1 N 

B(k)(f) ~ N Lln(l + Cnf), 
n=l 

(4) 

where the index on B(f) denotes the kth realisation and Cn is the sequence of 
RNs for a given pdf of Cat a particular n. 

Using a normal distribution for each Cn, figure (4) shows B(k)(f) for 50 
realisations (games) with 100 investments (trials) per game. Also shown, on the 
same figure, is B(f) calculated from numerical integration (see section 2). The 
results from the Monte-Carlo simulation seem to corroborate well the solution 
from the numerical integration method. 

It is interesting to consider the effect of varying the variance of the Gaussian 
distribution on these simulations. Figure ( 4) showed that for larger invest
ments (larger f), the uncertainty of B(k) (!) goes up (as shown by the trend 
of more scatter in B(f) for f values nearing unity. Figure (5) shows that the 
Monte-Carlo simulations are very sensitive to the value of u: The Monte-Carlo 
simulations begin to deviate from the correct B (!) curve (taken as that solution 
obtained from direct integration) at lower reinvestment percentages due to the 
large uncertainty produced by taking, for example, u = 1, while "cleaner" results 
(less uncertainty) from the true solution are approached for smaller variances. 
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Figure 5: The effect of the variance of Cn on the Monte-Carlo simulation with 
50 realisations. 
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